Abstract. The family of semiabelian p-groups is the minimal family that contains {1} and is closed under quotients and semidirect products with finite abelian p-groups. Kisilevsky and Sonn ([2]) have solved the minimal ramification problem (over Q) for a family G p of p-groups that is contained in the family of semiabelian p-groups. We show that G p is exactly the family of semiabelian groups and hence [2] provides a solution to the minimal ramification problem for all semiabelian p-groups.
introduction
Our main interest in this paper is to study the family of finite semiabelian groups from a purely group theoretical point of view. All groups in this paper will be assumed to be finite, p will denote a fixed prime and P the family of p-groups. As we shall see the family of semiabelian groups can be defined in several ways. One of these is the following: Definition 1.1. Denote by S the minimal family of groups that satisfies:
(1) {1} ∈ S, (2) if A is an abelian group and H ∈ S then any semidirect product A ⋊ H is in S, (3) if G ∈ S and H ¡ G then G/H ∈ S.
A group in S is called a semiabelian group.
Similarly, define S p by replacing each group in this definition by a p-group. We shall call S p the family of semiabelian p-groups. The name semiabelian p-groups will be justified in the sequel by showing that the family S p consists exactly from the p-groups in S.
The family of semiabelian groups has appeared many times in problems from the theory of fields. For example, in the contexts of geometric realizations over hilbertian fields (see [5] , [3] ), generic extensions (see [5] ) and the minimal ramification problem (see [2] ). This paper is motivated by the minimal ramification problem for p-groups. Given a p-group G it is an open problem to find the minimal number of primes ramified in a G-extension of Q (see [4] ). As a consequence of Minkowski's Theorem this number is greater or equal to d(G), the minimal number of generators of G. In [2] , Kisilevsky and Sonn proved this number is exactly d(G) for a family of p-groups denoted by G p . In order to describe G p let us first recall the notion of regular (or standard) wreath products. Definition 1.2. For two groups H, G we let H ≀ G be a group that consists of pairs (f, g) where f is any map f : G → H and g ∈ G. The multiplication is described for any f 1 , f 2 : G → H and g 1 , g 2 ∈ G, by:
where
The wreath product H ≀G can also be described as a semidirect product H |G| ⋊G, where G acts by permuting the |G| copies of H.
We can now give the definition of G p : Definition 1.3. Let G p be the minimal family that satisfies:
We shall call an epimorphism
. Let us define several families that contain G p : Definition 1.4. Let S ′ be the minimal family of groups for which:
Similarly, let S In [2] , it is proved that S ′ p is exactly the family S p . A similar proof, that appears in a preprint of [1] , shows that S ′ = S. Note that in the decomposition of Theorem 1.7 we have |H| | |G|. As S p is contained in the family of p-groups in S, a p-group G in S p can be decomposed as G = AH for an abelian (p-group) A ¡ G and H a proper semiabelian (p-)subgroup of G. By iterating this process, we get:
of groups in S (resp. S p ) for which:
Such a sequence has the property |H i |||H i+1 |, i = 1, ..., n − 1. Therefore if G is a p-group that appears in S then the sequence (H i ) n i=1 consists of p-groups and thus G is also in S p . This proves:
As the minimal ramification problem was solved for G p ( [2] ) it is natural to ask how large is G p and whether G p equals the family of semiabelian p-groups.
We shall show (Corollary 2.11) this question has an affirmative answer. Furthermore, in Corollary 2.14 we deduce: Theorem 1.10. Let G be a semiabelian p-group. Then there are abelian groups A 1 , A 2 , .., A r for which there is a rank preserving epimorphism
Theorem 1 in [2] therefore shows that for any semiabelian p-group G, there is a G-extension of Q with exactly d(G) ramified primes.
We can summarize the above discussion by:
Remark 1.11. Note that since S ′ is closed under direct products, all the above families are also closed under direct products.
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A minimal decomposition
Let G be a semiabelian p-group. We aim to decompose G into a product of an abelian normal subgroup and a semiabelian group which is smaller by size and rank (minimal number of generators). For this we shall use the following notions: Definition 2.1. Let G be a semiabelian group. A decomposition of G is an abelian normal subgroup A ¡ G and a semiabelian proper subgroup H of G so that G = AH. A minimal decomposition of G consists of (1) a minimal normal abelian subgroup A ¡ G for which there is a semiabelian proper subgroup H ′ of G satisfying G = AH ′ , (2) a minimal subgroup H ≤ G for which H is semiabelian and G = AH (for the same A given in (1)). 
Remark 2.3. Let G be a p-group. Let Φ(G) denote the Frattini subgroup of G. If G = AH is a decomposition of G then a direct calculation shows:
Lemma 2.4. Let G be a semiabelian p-group and G = AH a decomposition for which A ∩ H ⊆ Φ(G), then:
Proof. First, note that A ∩ H is a normal subgroup of G. Thus, we can write:
One has an isomorphism
3, the restriction of f to Φ(G) gives an isomorphism:
])⋊H/((A∩H)Φ(H)).
Since the induced action of H on A/[A, H] is trivial the latter is simply a direct product.
Remark 2.5. The isomorphism
is defined explicitly by:
where f (ahΦ(G)) = (aA p [A, H], hΦ(H)), for any a ∈ A, h ∈ H.
Proposition 2.7. Let G be a semiabelian p-group with a minimal decomposition G = AH. Then:
Proof. By induction on |G|. Assume that for any semiabelian group H 1 with |H 1 | < |G| and any minimal decomposition
Assume on the contrary there is an a ∈ A ∩ H with non-trivial image a := π A (a). The group A is an abelian p-torsion group and hence can be viewed as an F p -vector space. In order to treat A as a vector space it will more convenient to denote the multiplication in A by +. We can choose an F p -subspace (or a subgroup)
This is a contradiction to the minimality of A.
Let us show
, and assume on the contrary there is an a ∈ A ∩ H for which a = π H (a) is non-trivial. Let H 1 = H and H i = A i+1 H i+1 , i = 1, 2, ..., k, be a sequence of minimal decompositions so that H k is the first for which a ∈ π H (H k ). By the induction hypothesis and Remark 2.6 we have:
We have obtained an isomorphism:
Let us describe ψ explicitly. As
The following diagram is commutative:
The explicit description for ψ (given in Equation 2.8), gives:
k is a proper subgroup of A k and A k was assumed to be minimal we deduce U k−1 is a proper subgroup of H k−1 . Iteratively, define a semiabelian subgroup U i = A i+1 U i+1 of H i for i = 1, .., k − 2. The decompositions H k = A i+1 H i+1 are minimal and hence each U i is a proper subgroup of H i for i = 1, ..., k − 1.
We now claim that AU 1 = G. Indeed,
This is a contradiction to the minimality of H 1 = H.
Combining Remark 2.6 and Proposition 2.7 we have: Theorem 2.9. Let G = AH be a minimal decomposition of a non-trivial semia-
Corollary 2.10. Let G be a semiabelian group with a minimal decomposition G = AH. Then the epimorphism ψ : A ⋊ H → G that sends (a, h) to ψ(a, h) = ah is rank preserving.
and hence by Remark 2.6 and Theorem 2.9:
Proof. Clearly G p ⊆ S p ; let us prove that equality holds. Assume on the contrary S p \ G p = ∅. Let r be the minimal rank of a group that is in S p \ G p and G ∈ S p \ G p be of rank r. Let G = AH be a minimal decomposition of G. Since r is minimal, H ∈ G p . Consider the wreath product
Therefore it suffices to construct an epimorphism φ : W → G (the epimorphism will necessarily be rank preserving) as in such case we deduce G ∈ G p , contradiction. For every f : H → A m and h ∈ H define:
Note that for two maps u, v : G → A we haveψ(uv)(y) = x∈ψ −1 (y) uv(x) = x∈ψ −1 (y) u(x) x∈ψ −1 (y) v(x) =ψ(u)(y)ψ(v)(y). Thus, ψ((f 1 , g 1 )(f 2 , g 2 )) = (ψ(f 1 ), ψ(g 1 ))(ψ(f
2 ) ψ(g 1 ) , ψ(g 2 ))
and it is left to showψ(f
2 ) ψ(g 1 ) =ψ(f 2 ). By definition:
2 ) ψ(g 1 ) (y) =ψ(f
2 )(yψ(g 
